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Odd numbers of Dirac points and helical states can exist at edges (surfaces) of two-dimensional
(three-dimensional) topological insulators. In the bulk of a one-dimensional lattice (not an edge)
with time reversal symmetry, however, a no-go theorem forbids the existence of an odd number of
Dirac points or helical states. Introducing a magnetic field can violate the time reversal condition
but would usually lift the degeneracy at the Dirac points. We find that a spatially periodic magnetic
field with zero mean value can induce a single Dirac point in a one-dimensional system with spin-
orbit coupling. A wealth of new physics may emerge due to the existence of a single Dirac point
and helical states in the bulk of a one-dimensional lattice (rather than edge states). A series of
quantized numbers emerge due to the non-trivial topology of the 1D helical states, including the
doubled period of helical Bloch oscillations, quantized conductance near the Dirac point, and 1/2-
charge solitons at mass kinks. Such a system can be realized in one-dimensional semiconductor
systems or in optical traps of atoms.
PACS numbers: 73.22.-f, 71.70.Ej, 72.25.Dc, 73.63.Nm
Topological insulators have non-trivial topological
structures in their bulk states as compared with the vac-
uum [1, 2]. Therefore at the edges of two-dimensional
(2D) or the surfaces of three-dimensional topological in-
sulators there must be gapless states, characterized by an
odd number of Dirac points [2–8]. The states around the
Dirac points have the spin orientation locked to the mo-
tion direction, called helical states [9]. Exotic magneto-
optical and transport phenomena are associated with the
helical liquids at the edges or surfaces of topological insu-
lators [1, 2, 10–12]. In the bulk of one-dimensional (1D)
systems (not the edges of a 2D system) that have time-
reversal symmetry, however, a no-go theorem [10] forbids
the existence of an odd number of Dirac points. Intro-
ducing a magnetic field can violate the time-reversal con-
dition of the no-go theorem, but would generally lift the
degeneracy at the Dirac points and destroy the helical
liquid. A pure 1D helical liquid would be the platform
for a vast range of new physics [10–13]. Therefore it is
highly desirable to design a 1D system to bypass the no-
go theorem.
In this letter, we report the discovery of a single Dirac
point and helical states in spin-orbit coupling (SOC) 1D
systems under a spatially periodic magnetic field. A 1D
system with the SOC and time-reversal symmetry has
a crossing point at momentum k = 0 between the en-
ergy bands associated with the two spin states. Then,
a spatially periodic magnetic field with period d opens
an energy gap at quasimomentum k = ±pi/d [the edges
of the Brillouin zone in the magnetic lattice]. The mag-
netic field has a zero mean value and therefore preserves
the degeneracy at k = 0, forming a single Dirac point.
The model is analogous to the Haldane model in a 2D
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FIG. 1. (Color online) (a) A model system based on a
semiconductor quantum wire fabricated between two periodic
alignments of alternately plated magnets. (b) A model sys-
tem based on a 1D optical trap (the parabola) of cold atoms
with spin-orbit coupling and a periodic magnetic field (back-
ground) induced by Raman couplings.
lattice in the presence of a spatially periodic magnetic
field [14]. The single Dirac point and the associated heli-
cal states in the bulk of the 1D system lead to a series of
exotic phenomena characterized by quantized numbers.
For example, under a strong electric field F , the elec-
trons would perform a helical Bloch oscillation with a
period 4pi~/(eFd), twice the period of the conventional
Bloch oscillation. Also, the conductance is quantized to
be e2/h or 0 for a Fermi energy within or without the
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2Dirac cone region, respectively. The quantized conduc-
tance is robust against slow varying disorders. Further-
more, at mass kinks, the system has soliton solutions with
fractional charge e/2. These predicted phenomena would
be just a few examples of a vast range of new physics to
be explored in the 1D Dirac fermion system.
Various physical systems may be adopted to realize
the model studied in this paper. One can fabricate a
semiconductor quantum wire between two alignments of
alternately plated magnets [as shown in Fig. 1(a)] or in
a confined magnonic crystal [15]. Another possibility is
to use cold atoms in one-dimensional optical traps. Ra-
man transitions in the atoms can be used to induce the
SOC [16, 17] as well as the magnetic field [18] [as shown in
Fig. 1(b)]. To be specific, we employ the semiconductor
system in Fig. 1(a) for model study.
The effective Hamiltonian of the proposed 1D model
reads
H = − ~
2
2m∗
∂2
∂x2
+ iA · σ ∂
∂x
+B(x) · σ, (1)
whereA is the SOC coefficient, σ is the spin operator, m∗
is the effective mass of the electron, and B(x) = B(x+d)
is the periodic magnetic field with a period d. We take
the x-component of the vector potential of the magnetic
field to be zero, so the momentum k is a good quantum
number.
Figure 2(a) shows the formation of the single Dirac
point. Let us first consider the case B(x) = 0. For a
given SOC coefficient A, the electron with momentum
k experiences an effective magnetic field kA. Therefore
the energy bands for the two spin states quantized along
A are shifted in the momentum space by
kso = 2m
∗|A|/~2. (2)
The two energy parabola of the two spin states cross at
k = 0 (the E1 point in the figure). A periodic magnetic
field B(x) will fold the energy bands into the Brillouin
zone [−pi/d, pi/d]. The folded energy bands have degen-
eracy points at the Brillouin zone edge (E2) and other
points (E3, E4, . . .). We define the nth order Fourier co-
efficient of the magnetic field as
Bn = d
−1
∫ d
0
B(x)e−i2npix/ddx. (3)
If Bn 6= 0 and not parallel or anti-parallel to A, the
magnetic field will mix the spin states at the degeneracy
points where the momentum difference (before folding)
between the states is 2npi/d and open gaps between the
minibands (with the gap ∼ Bn). Since the mean value of
the magnetic field is zero (i.e., B0 = 0), the degeneracy
at k = 0 (the E1 point) is preserved. If we choose the
period of the magnetic field d ∼ pi/kso, the energy band
crossing at k = 0 would be located in the gap between
the minibands, becoming a single Dirac point. Thus the
helical states are formed at the Dirac point.
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FIG. 2. (Color online) (a) Solid (black) lines represent the
calculated energy bands without the magnetic field; the red
circles, blue triangles, and red dots correspond to the E−-
band, E+-band and the excited bands in the presence of the
periodic magnetic field. (b) Expectation values of σy and σz
in the two lowest energy bands. The red circles and blue
triangles represent 〈σy〉 in the energy bands E+ and E−, re-
spectively. The black solid line and the black dots represent
〈σz〉 in the energy band E+ and E−, respectively. The in-
set illustrates the non-trivial twisting topology of the energy
bands.
We take a CdSe quantum wire as the 1D model
system [19]. The effective mass of electrons m∗ =
0.22m0 [20] and the Lande g-factor g = 2 [21]. With
a reasonable value of the spin-orbit coupling A = 2 ×
10−11 eVm (assumed along the y-axis), we get kso =
1.16 × 108 m−1, and the period of the magnetic field is
taken as d = 27.0 nm, which is much larger than the lat-
tice constant of the material. Under such conditions, the
Hamiltonian Eq. (1) validates as an effective model near
the Γ point (k = 0). For simplicity, we take the periodic
magnetic field as
B(x) = B cos (2pix/d) , (4)
3where B = (0, By, Bz) with By = 0.20 meV and Bz =
0.55 meV, corresponding to a magnetic field strength
5.03 Tesla. Figure. 2 (a) shows the calculated energy
bands without the magnetic field (black solid curves
folded into the Brillouin zone) and with the magnetic
field (the curves with symbols). The two lowest mini-
bands are separated by gaps from the high-lying bands.
As expected, there is an energy crossing point at k = 0.
We denote the two lowest bands as E+-band (the red
circles) with negative spin polarization along the y-axis
(〈σy〉 < 0), and the E−-band (the blue triangles) with
〈σy〉 > 0, respectively. The energy gap at the Brillouin
zone edge is about 1.1 meV, nearly 2Bz, or equivalent to
about 13 K in the scale of temperature.
To check the helical nature of the states at the Dirac
point, we now analyze the spin polarizations in the two
lowest energy bands. Figure 2 (b) shows that electrons
with opposite wave vectors have opposite spin polariza-
tions. The spin polarizations are normal to the wavevec-
tors. In the vicinity of the Dirac point, the spin is
quantized along A. With increasing k, the electron
state changes gradually to a mixed state (due to spin-
momentum entanglement). At the Brillouin zone edge,
both 〈σy〉 and 〈σz〉 become zero so that the wave func-
tions satisfy the periodic boundary condition as
〈ψ+(pi/d)|ψ−(−pi/d)〉 = 1. (5)
Therefore, if we connect the state ψ+(pi/d) with
ψ−(−pi/d) and ψ+(−pi/d) with ψ−(pi/d), a twisted loop
with a single node at the center of the Brillouin zone,
like a ∞-shape knot, is constructed [see the inset of
Fig. 2 (b)]. This topological structure contrasts sharply
with the ordinary periodic system in which the loop is
simply a circle without nodes.
To study the global physical effects due to the non-
trivial topology of the helical states, we consider an elec-
tron moving adiabatically along the whole energy mini-
bands. This can be realized by applying an electric field
to drive the electron across the Broullion zone. The elec-
tron would move along one energy band (e.g., the E+-
band) and then at the Brillouin zone edge enter into the
other energy band. It would have to across the Brillouin
zone twice before completing a periodic motion. Similar
to the conventional Bloch oscillation [22, 23], the electron
would oscillate periodically in real space, but with its spin
state twisted periodically. We call such an oscillation the
helical Bloch oscillation. The period of the helical oscil-
lation is 4pi~/(eFd) = 2Tb, twice that of the conventional
Bloch oscillation. Thus the period of the (helical) Bloch
oscillation can be taken as a quantum number character-
izing the topology of the 1D electrons. We note that the
helical Bloch oscillation would not occur at the edges of
a two-dimensional topological insulator since the gapless
edge states always merge into the bulk states at higher
energy.
FIG. 3. (Color online) Helical Bloch oscillation. (a) The
absolute value of the spin-resolved electron probability am-
plitude |U(x, t)| (unnormalized) as a function of position and
time. (b) Spin polarization 〈σy〉 of the electron as a function
of time.
For numerical investigations of the helical Bloch oscil-
lation, we use the time-dependent Schro¨dinger equation
i~
∂
∂t
ψ(x, t) = (H− eFx)
(
U(x, t)
D(x, t)
)
, (6)
where H is the Hamiltonian in Eq. (1) and U(x, t) and
D(x, t) are wavefunctions associated with the σz-up and
σz-down, respectively. The calculated absolute value of
the spin-resolved probability amplitude |U(x, t)| is shown
in Fig. 3(a). Since the energy gap at E3 is rather small, to
reduce the Landau-Zener tunneling to higher bands the
field cannot be too strong (eFd 1 meV). On the other
hand, the oscillation period 2Tb should be less than the
scattering relaxation time. In our calculation we take
the static electric field of F = 2.4 kV/m (accordingly
2Tb = 20 ps). We choose a wave-packet initially pre-
pared in a pure σy-up state in the E− band with the
wavevector centered at k = 0, so |U(x, t)| = |D(x, t)|.
Under an electric field F , the wave-packet moves to the
left at t = 0. After arriving at the leftmost of the oscilla-
tion (the bottom of the E−-band), the electron turns to
right and gradually changes its spin state. At t = Tb/2,
the electron arrives at the rightmost of the oscillation in
a spin mixed state [at the energy band E−(pi/2d), which
is equivalent to the state at E+(−pi/2d)]. After that the
electron moves in the E+-band, through a left minimum
and a right maximum, and at t = 3Tb/2 it is back into the
E−-band again. At time t = 2Tb the electron returns to
the initial state. The light blue lines on the background
in Fig. 3 with small amplitudes are due to Landau-Zener
tunneling to higher bands. Accompanying the spatial os-
cillation, the spin polarization also oscillates periodically
[Fig. 3(b)].
4The 1D Dirac electrons also have unique transport
properties in the weak field regime. In particular, the he-
lical states near the Dirac point are immune of scattering
by slow-varying potential conserving time-reversal sym-
metry. Similar to the configuration in Ref. [24], we con-
sider the conductance of the 1D system subjected to N
random square barriers described by the potential func-
tion
V (x) =
{
Vn, xn ≤ x ≤ x′n,
0, others,
(n = 1, 2, ..., N) , (7)
where xn+1 − xn = l and x′n − xn = ld = 0.4l are
fixed, and the strength Vn is a uniform random number
∈ [0, 1.5] meV. We calculate the conductance of electrons
in the two lowest bands using the Landauer-Bu¨ttiker for-
mula [25]
G(E) = e2/(2pi~)Tr(tt†), (8)
where the transmission amplitude t (as a function of
the Fermi energy) is calculated by the transfer matrix
method [26]. The numerical results reveal a quantized
conductance of e2/h for Fermi energy around the Dirac
point in spite of the sacttering [Fig. 4(a)]. For Fermi en-
ergy outside the gap that contains the Dirac point, the
conductance drops to zero immediately [Fig. 4 (a)]. Such
behaviors can be well understood using the helical state
picture. Near the Dirac point, an incoming electron with
a wave vector k and its scattered state with −k have
opposite spins, so the elastic backscattering is forbidden,
similar to the edge states in topological insulators [4]. On
the other hand, the electron with energy out of the gap
region, as an electron in 1D system, is always localized
in the presence of disorders [27].
Another exotic phenomenon of 1D helical liquids is so-
litions with fractional charge. In 1976, Jackiw and Rebbi
predicted that a fractional charge e/2 (soliton) is car-
ried by a mass domain wall (mass kink) in a 1D Dirac
model [28]. Later, this was proved to exist in a heli-
cal liquid system [12]. Having only half the degrees of
freedom of the conventional 1D system, the helical liq-
uid avoids the fermion doubling problem [11], and there-
fore can carry a half charge. In the numerical calcu-
lation, we set an initial state as a normalized Gaus-
sian wavepacket ψs(x) = C exp(−x2/∆x2)| ↑〉y, C =
(pi∆x2/2)−1/4, ∆x = 30d, at a mass domain of the form
m∗(x) = arctan(0.06x/d) [the red circles in Fig. 4 (b)].
After a long time of evolution (t = 1 ns), the electron
has diffused but left behind a localized wavepacket with
almost the same envelope as the initial state [the blue
solid curve in Fig. 4(b)]. This means that there is a soli-
ton solution in this 1D system. By integrating the charge
density distribution of the localized wavepacket , we ob-
tain
ρ = e
∫
dx|ψs(x, t)|2 ≈ 0.5e, (9)
0
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FIG. 4. (Color online) (a) Conductance in the 1D helical sys-
tem, quantized to be e2/(2pi~) or 0 when the Fermi surface
is within or without the gap containing the Dirac point, re-
spectively. (b) Soliton solution (solid blue curve) when there
is a mass kink (red circles) in the system. The envelop shows
the wavefunction at t = 1 ns, which is initially a normal-
ized Gaussian wavepacket (at t = 0). After evolution, the
wavepacket has the same envelope as the initial state except
for some small rapid oscillations (amplified in the inset).
confirming the existence of a soliton solution with frac-
tional charge e/2.
In summary, we have discovered the existence of a sin-
gle Dirac point and hence helical states in the bulk of a 1D
model. The spin orbit coupling splits the two spin states,
and a periodic magnetic field with vanishing mean value
opens a gap at the Brillouin zone edges while preserving
the degeneracy at the Dirac point. Exotic phenomena
characterized by quantized numbers are predicted for the
1D helical states, including the helical Bloch oscillation,
quantized conductance, and soliton solutions with frac-
tional charge. The model, realizable in 1D semiconductor
systems or in 1D optical traps of cold atoms, provides a
new platform for studying a wealth of physics in 1D he-
lical liquids without requiring reduction from a higher-
dimensional host system (in contrast to edge states of
two-dimensional topological insulators).
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